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Observations of Diffusive Diffraction in a Cylindrical Pore by PFG NMR
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Pulsed-field-gradient (PFG) NMR observations of spatial
restrictionsto diffusion have great potential for aiding spatial
structure determination in a wide variety of porous media.
Some practical examples of current interest include the non-
invasive determination of nerve fiber orientation and size,
characterization of pore sizes and permeability in oil-bearing
rock formations, and structure and transport property deter-
mination in packed beds and other porous media of use in
chemical reaction engineering and separation processes.

Toward these ends, several important advances in the the-
ory of PFG NMR measurements on systems exhibiting re-
stricted diffusion have been published in the past few years
(1-8). Recently, Callaghan (1) has published exact, analyti-
cal expressionsfor the echo attenuation in planar, cylindrical,
and spherical pores valid for conditions of short gradient
pulses and possible wall or surface-induced relaxation. The
present note describes a comparison of experimental PFG
NMR datafor awater-filled cylinder and the analytical treat-
ment (1).

For restricted geometries and long diffusion times, PFG
NMR data exhibit diffusive diffraction; destructive inter-
ference of magnetization contributing to the echo occurs
at particular values of the product ga, whereq = ygé/ 2,
v isthe magnetogyric ratio of the observed nucleus, 6 isthe
duration of the magnetic-field-gradient pulses for motion
encoding, g is the applied pulsed gradient, and a is a char-
acteristic dimension of the restricted geometry. This be-
havior may prove useful for the characterization of the
length scales and geometries of restrictions to diffusion in
porous media.

For the specific case of restricted diffusion in acylindrical
geometry with the pulsed field gradients oriented orthogonal
to the axis of the cylinder, Callaghan found that (1)

AB5exp[ - B5DA/a*][(2rqa)Jp(2r0a)
+ (Ma/D)Jy(27qa)]?

where E(q, A) is the echo amplitude relative to the ampli-
tude at g = 0 as a function of the magnitude of the wave
vector for motion encoding g and the diffusion time A, the
J, are the standard (cylindrical) Bessel functions, the 8.
are given by

ﬂnkJ,(ﬂnk)/Jn(ﬂnk) = —Ma/D, [2]
a is the cylinder radius, D is the diffusion coefficient of the
observed species, and M isthe surface relaxivity of the cylin-
der walls.

We report below a favorable comparison of Eq. [1] and
experimental data obtained from PFG NMR measurements
on a water-filled 100 pm i.d. capillary tube.

Measurements were performed with a Bruker Avance
DMX spectrometer operating at 600 MHz for protons and
coupled with a 14 T, 89-mm-bore Bruker/Magnex magnet.
This system is equipped with an actively shielded gradient
set capable of 0.96 T/m at 40 A.

Precision-bore glass capillaries (i.d. 100 pm) were ob-
tained from Wilmad Glass. A single capillary wasfilled with
deionized water, inserted into a5 ul micropipette, sealed at
the ends with wax, and inserted into a 2.5 mm i.d., 6-turn,
transverse solenoid for NMR measurements.

Pulsed-field-gradient NMR measurements were per-
formed using the ‘* 13-interval, condition I’ alternating-di-
rection (9), pulsed-gradient, stimulated-echo (10, 11) se-
quence combined with gradient prepulses and longitudinal
storage before readout (12, 13) in order to avoid eddy-cur-
rent-induced artifacts. A schematic of the pulse sequence is
shown in Fig. 1. Spoiling gradient pulses orthogonal to the
motion-encoding gradient pulses were applied during the
two longitudinal storage periods. A 256-transient-phase cy-

865exp[ - BaDA/a*][(2rqa)J)(2r0a)
+ (Ma/D)J,(2rqa)]?
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223

2 [(MaiD)? + f% — m?]((2rqa)® — pal2" M

1090-7807/97 $25.00
Copyright © 1997 by Academic Press
All rights of reproduction in any form reserved.



224

90 180 90 90

/L

NOTES

180 90 90

spoiler

/!

>

FIG. 1.

A+2T

4

‘*13-interval, condition I’ pulse sequence (9) with longitudinal storage (12). The phase cycling employed involves 256 transients: a 128-

transient cycle in which all seven RF pulses are cycled (the 90° pulses by 180° phase shifts and the 180° pulses by 90° phase shifts) plus an additional
128-transient sequence in which the phases of pulses 3 and 6 are shifted by 90° with respect to the first 128-transient sequence. In addition, gradient

spoailing is applied during the longitudinal storage periods.

cle was used. Both 180° pulses were incremented by 90°
while incrementing the receiver phase by 180° 90° pulses
were incremented by 180° while incrementing the receiver
phase by 180°. In addition, the phase of the two storage
pulses, pulses 3 and 6 in Fig. 1, were incremented by 90°
while leaving the receiver phase constant in order to acquire
signa corresponding to magnetization in the entire sample
region. This latter phase cycling is essentia for the ‘13-
interval, condition I'” sequence and the small sample used,
since this sequence samples space as either cos?(2rgz) or
sin?(2rqz), depending upon the rel ative phases of excitation
and storage pulses.

Two sets of measurements were performed: one with
pulsed field gradients oriented parallel to the capillary axis
and one with gradients oriented perpendicular to the capillary
axis, in the same direction as the applied static field. For
gradients oriented parallel to the capillary axis, a single dif-
fusion time, 1.003 s, wasinvestigated. For gradients oriented
orthogonal to the capillary axis, three separate diffusion
times were investigated, 0.103, 0.503, and 1.003 s. For each
diffusion time, the free-induction decay following the fina
radiofrequency pulse of the sequence shown in Fig. 1 was
acquired for 32 values of the magnitude of the pulsed field
gradient spaced linearly from 0 to 0.297 T/m. The resulting
FIDs were Fourier transformed, and the resulting spectra
were phase corrected, using a single zeroth-order phase cor-
rection for each diffusion time. After polynomial baseline
correction, the absorption-mode spectra were integrated over
the region of the water resonance peak to obtain measures
of the stimulated-echo amplitudes.

Inversion-recovery measurementswere performed on both
the 100 ym i.d. capillary and on a 1 mm i.d. capillary filled
with distilled water. Sixteen different recovery delays rang-
ing from 1 msto 7.0 s were used with arelaxation delay of
20 s. The resulting FIDs were processed as described above.

Figure 2 displays results from PFG NMR measurements
with the pulsed field gradient oriented parallel to the capil-

lary axis. These data indicate unrestricted diffusion since
they agree well with the straight-line behavior on the semi-
logarithmic plot of echo amplitude versus q? predicted by
theory for diffusion in an infinite medium (9, 14). For the
case of the **13-interval, condition I'” pulse sequence em-
ployed in this work,

E(q, A) = exp{ — (27q)?D[6%(A — /2 — §/12)]}. [3]

Note that here we have neglected the effects of background
gradients and have used definitions of 6 and A consistent
with the pulse sequence diagram shown in Fig. 1 and with
Eq. [1] [these definitions differ from those in (9)]. Nonlin-
ear least-sgquares regression of Eq. [ 3] to the data shown in
Fig. 2 with the the initial echo amplitude (for g = 0) and
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FIG. 2. Experimental data (points) and regression of Eq. [3] (line) for

pulsed field gradients applied along the axis of a water-filled 50 pym i.d.
capillary.
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FIG. 3. Experimental data (points) and prediction of Eq. [1] (lines)

for pulsed field gradients applied orthogonal to the axis of a water-filled
50 um i.d. capillary for three different diffusion times corresponding to
DA/a? = 0.098, 0.48, and 0.96.

the diffusion coefficient asfree-fitting parametersyields 2.42
+ 0.01 x 10~° cm?/sfor the diffusion coefficient. Thisvalue
is consistent with previously published values (15) at 25°C.

Analysis of the inversion-recovery data by nonlinear,
least-squares regression of A = Al — 2a exp(—7/T,)]
with T,, Ay, and « as fitted parameters yielded T, values of
3.5 = 0.05 sfor water in the large diameter tube and 3.3 =
0.03 sfor water in the 100 um capillary. These data suggest
that the surface relaxivity of the capillary tube may be as
large as 5 x 107° cm/s (16). Hence, the dimensionless
parameter Ma/D, which plays an important role in Egs. [1]
and [2], is on the order of 0.01 for the water-filled 100 um
i.d. capillary; this value is effectively zero for conditions of
interest.

Figure 3 shows results from PFG NMR measurements
with the pulsed field gradient oriented orthogona to the
capillary axis for the three different diffusion times, A. For
comparison, the predictions of Eq. [1] with a = 50 um and
D =242 x 10°° cm?*/sand M = 0 are aso shown. The
agreement between the experimentally measured data and
the predictions of Eq. [1] is best at mild attenuations of the
echo. Possible causes of disagreement include nonorthogo-
nality of the cylinder axis and the pulsed-gradient direction
and inaccurate measurement of low echo amplitudes caused
by incomplete correction of the spectra for broadline signals
originating from immobile components of the probe. It is
important to note that the lines shown in Fig. 3 are not fitted,
but rather the predictions of Eqg. [1] from independently
determined parameters.

The striking features in Fig. 3 are the diffractive minima
at long diffusion times, but Eq. [1] is also useful for investi-
gating departures from the behavior for unrestricted diffu-
sion predicted by Eq. [3] for small values of q or DA/a?.
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Figure 4 shows a plot of D,,/D versus DA/a® obtained
numerically from Eq. [1] from the initial slope of In[E(q,
A)] versusg?; here, D, isthe apparent diffusion coefficient
that one would determine by application of Eq. [ 3] to experi-
mental data for small . Also shown in Fig. 4 are lines
representing the expected behavior at short and long diffu-
sion times (or small and large values of DA/a?, respec-
tively). At long diffusion times, the apparent diffusion coef-
ficient of fluid restricted to the cylinder is 4a?/ A; at short
diffusion times, the apparent diffusion coefficient is well
represented by Dy,,/D = 1 — (4/3a/7) /DA, as suggested
in (7). The global behavior may be approximately repre-
sented by Du,/D = [1 + (4/3/7)/DA/a* — 1.81(DA/
a?)°® + 4(DA/a?)]*, which has the correct limiting val-
ues for small and large DA/a?. It should be emphasized
that Eq. [1] isvalid for short gradient pulses; hence, we have
not considered corrections to the effective diffusion time
(17) for calculations shown in Fig. 4.

A common experimental configuration at the NHMFL em-
ploys a 2 mm diameter sample in a transverse solenoid for
diffusion coefficient measurements. For small molecules, D/
a?ison the order of 1 x 1073 s™*, and hence systematic
errors of a few percent will occur in the measurement of
diffusion coefficients for diffusion times A greater than 100
ms and pulsed gradients oriented orthogonal to the cylinder
axis if experimental data are analyzed assuming unrestricted
diffusion. In addition, the echo-attenuation behavior with
increasing q for thisrestricted geometry deviates mildly from
the Gaussian behavior described by Eq. [3]. This deviation
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FIG. 4. Predictions of Eq. [1] (points) for the apparent diffusion coeffi-
cient of fluid entrapped in a cylinder of radius a determined from small q
data with g orthogonal to the axis of the cylinder. The dashed line shows
Dap/D = 1 — (4/3a/7)/DA and becomes negative for large DA/a®. The
solid line represents the expected behavior for large DA/a?, Dy, = 4a2/
A, and the dotted line represents an approximate interpolation between
thesetwo limiting behaviors, D,/ D = [1 + (4/3ﬁ)1/DA/a2 —1.81(DA/
a®)%% + 4(DA/a?)]
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will cause additional underestimation (for small DA/a?) of
the diffusion coefficient from PFG measurements which will
depend upon the range of g values (or echo attenuations)
sampled. For echo attenuations less than 100 and values of
DA/a® on the order of 1.0 x 1073, this latter effect is on
the order of a few percent.

The experimental data presented above provide some con-
fidence in the theoretical descriptions of PFG NMR in re-
stricted geometries (1). In particular, experimental verifica-
tion of the positions of diffractive minima in the PFG NMR
data for restricted diffusion in a cylindrical geometry has
been obtained. Detailed consideration of predictions of the
theory (Eg. [1]) suggest caution in the interpretation of PFG
data from fluids enclosed in millimeter-sized containers us-
ing theory developed for unrestricted diffusion.
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